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ABSTRACT

With converter-fed variable-speed electric motors, pulsating
torques inevitably occur in the air gap and can cause torsional
oscillation in the whole shaft line. The origin and behavior of
these torques and how to calculate them are described.

INTRODUCTION

During recent years, variable-speed electric motors have been
increasingly used for drives in general, and in particular for
pumps. This has been due to a combination of rising energy
prices and the development of increasingly cost-effective elec-
tronic components.

These modern variable-speed drives offer the advantages of
better process control and improved overall efficiency. As with all
drive systems, they must be dynamically checked for torsional
oscillation. In addition to the familiar processes of runup, short
circuits and switching operations on the grid, etc., these drives are
subject to pulsating torques caused by the static converter. The
frequency of these pulsating torques is variable over a wide
range, so that under certain conditions resonance operation at
natural frequencies of the shaft line is practically unavoidable.
Therefore, as reported herein, it has been attempted to explain
the origin and behavior of these pulsating torques and how to
calculate them.

SPEED CONTROL OF ELECTRIC MOTORS [1,2]

The essential elements of a variable-speed electric drive
include a power supply network, a power pack with a control
element, and an electric motor (Figure 1). Many different
arrangements are possible (Table 1). The usual drive arrange-
ment now consists of a static converter and a synchronous or
asynchronous motor. The most usual combinations of converter
and motor types for higher power rating (P > 1MW) are shownin
Table 2 [3].

The speed of the synchronous motor is varied by controlling
the stator frequency. The speed of an induction motor can be
varied either through the stator frequency or the rotor frequency
(only for wound rotors). The rotor-frequency control involves
variation of the slip. The shaft speed is varied by phase-angle
control or by means of a cascade circuit [4]. There are several
types of stator-frequency control, depending on the supply
arrangement (current, voltage) and type of commutation of the
converter which feeds the motor (line-,load-, or self-commutated
type). In all of the systems, the converter determines the
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Figure 1. Basic Arrangement of a Drive Having Electrically
Variable Speed.

Table 1. Examples of Design Solutions for Drives Having
Electrically Variable Speed.

NETWORK VARIABLES

- FREQUENCY: 50Hz, 60 Hz, rarely direct-current (O Hz)
- VOLTAGE: High voltage (U > 1kV)

Low voltage (U < 1kV)
- NUMBER of Three-phase system, rarely two phases

CONDUCTORS: = Single-phase system for traction applications

POSSIBLE POWER PACK ARRANGEMENTS

- Adjustable transformer
- Resistance cascade

- Rotary converter

— Static converter

POSSIBLE ELECTRIC MOTORS

~MOTOR WITH COMMUTATION: Direct-current motor
Three-phase commutator

motor

- MOTOR WITHOUT COMMUTATION:  Synchronous motor
Asynchronous motor
- Slipring type
- Squirrel-cage type

Table 2. Current Combinations of Converter and Motor Types
for Variable-Speed Drives of over 1 MW.

frequency and voltage (or frequency and current) at the motor
terminals.

It is usually a converter-fed synchronous motor (Table 2, Case
4), which is used for boiler feed pump drives. This is because of
the high power ratings and high speeds (n > 4000 cpm) required
for this type of pump. For water supply systems, because of the
commonly specified power ratings and speed range (n < 1800
cpm), subsynrhonous cascade converter systems are used (Table
2, Case 3). These selections are based on both technical and
econormic reasons [5, 6, 7, 8, 9, 10].

PULSATING TORQUES
DURING NORMAL OPERATION

Static converters are controllable power supplies which have a
discontinuous mode of operation. Depending on the type of
converter, the complexity of the overall design, and the shaft
speed, greatly differing periodic and transient distortions of the
phase currents will occur. As a result, pulsating or surge torques
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will occur in the air gap of the electric motor, and these can cause
considerable torsional oscillations in the shaft line. In the air gap
of three-phase motors, six-pulse converters will cause mainly
pulsating torques at six times the stator feed frequency. In six-
phase motors, the same power supply will cause pulsating
torques at twelve times the feed frequency. The amplitudes of the
latter torques will be only a fraction of those caused in three
phase motors having six-pulse converters. In general, it can also
be said that with stator frequency control, the frequency of the
pulsating torques is proportional to the stator feed frequency, i.e.,
shaft speed.

M(t) =M,(n) + SM,(n)sin (22mf, (n)t) (1)

With rotor frequency control, the frequency of the pulsating
torques is proportional to the slip frequency. Hence

M(t) =M,(n) + EM,(n)sin (zs2mnf.t) 2)

where

M(t) =time function of the iotal torque

M,(n) =component of torque, which is constant with time but
can varry with n

M,(n) =amplitude of the harmonic of order z at a given n

z = pulse number (depending on the system, z=6, 12,
18, efc., or 12, 24, 36, etc.)

f. = constant stator feed frequency

f,(n) =variable stator feed frequency

s =slip (s=(ng—n)/n)

n = shaft speed

ng = synchronous shaft speed

As will be realized from what has been said, the determination
of the pulsating torques requires an extensive knowledge of
power electronics and electric motors. The factors involved will
be illustrated by means of two examples.

For the first example, the operating conditions (variation of
torque and frequency with speed) are shown in Figure 2 for a
wound rotor induction motor having a subsynchronous static
converter cascade. Two operating ranges are distinguished: the
runup and the controlled operation. Runup conditions apply
until the lowest controlled operational speed is reached. The
behavior in this runup range is just the same as for any normal
induction motor whose rotor winding, as in the example, is
started through a two-stage resistance. The converter is connect-
ed into the rotor control circuit only when the lowest controlled
operational speed is reached. At this point, not only the desired
drive torque will be developed, but also pulsating torques having
six and twelve times the slip frequency. With this drive, six
resonance points (marked * in Figure 2) are possible within the
operating range, e.g., the value of six times the slip frequency
corresponds to the first natural frequency at about 1060 cpm and
with the second at about 840 cpm.

The second example has a converter-fed synchronous motor
drive, the stator frequency is controlled and, as shown in Figure
3, the conditions are quite different to those in the previous case.
The whole of the operation, starting from standstill, is now
controlled by the converter. Also in this case, two operating
ranges have to be distinguished: pulse operation (n = 0 to 600
cpm) and load commutation (n = 600 to 2850, i.e., 6000 cpm).
During the initial pulse operation period, pulsating torques at six
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Figure 2. Variation of Motor Torque and Exciting Frequency for
an Induction Motor with Static Converter Cascade System.

to twenty-four times the stator feed frequency, and having
relatively large amplitudes, occur. In load-controlled operation
this motor, which has a six-phase stator winding, is subject to
pulsating torques having only 12 and 24 times the feed frequency
and having moderate amplitudes. With this drive, many reso-
nance points are passed through during runup {0 to 600 cpm: 10
resonance points, 600 to 2850 cpm: 19 resonance points). In the
operating range there are two resonance points, at 12 times the
stator feed frequency (marked * in Figure 3). As is usual in this
kind of calculation, it is assumed that higher natural frequencies
are very well damped and are hardly excited. The exciter also
causes pulsating torques, but their amplitudes are so small that
they may be neglected (the largest amplitude is less than one
percent of the rated torque of the synchronous motor).

Other types of drive systems which are listed in Table 2 can
show much more complicated relationships [11, 12, 13]. In each
case, it is advisable to discuss the problem thoroughly with a
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Figure 3. Viariation of Motor Torque and Exciting Frequency with
Speed for a Converter-fed Synchronous Motor Drive.

specialist in order to avoid any unneccessary operating difficul-
ties which may result from a false interpretation of the operating
behavior.

ELECTRICAL FAULT TORQUES

In order to ensure the high availability which is required of
these drives, one must also be able to calculate their behavior
under possible electrical fault conditions, of which there are a
number. The plant owner is seldom in a position to define the
actual “worst case,” and, on the other hand, it is hardly possible
to extend the calculations to cover all possible cases. As an
effective measure in this situation, it has become accepted
practice to check the electric drives for “short-circuit safety” [14,
15]. For this purpose, the phase-to-phase terminal short-circuit
torque at voltage zero (crossover) is used. In a simplified analyti-
cal form, we have:

Mok (t) =Mk [T sin 2af, (t-t,)

— 0.5 T2 gin 4xfy (t-t,)] (t=t,) (3)
where

Mk (t) =time function of two-phase terminal short circuit

Mk  =torque amplitude

f = stator feed frequency (with stator frequency control,
f;=1,(n); with rotor frequency control, f; =f.).

Ty, T, =time constants

to =instant of occurrence of fault

In the example of the induction motor in Figure 2, the
Campbell Diagram shows that the worst short-circuit case occurs
at maximum speed. This results from the fact that a non-linear
coupling is installed in the shaft line. With increasing speed, i.e.,
static torque, the stiffness of the coupling increases, hence
causing an increase in some of the natural frequencies. The first
natural frequency F1 is therefore the next closet to the simple
stator supply frequency FN1 at maximum shaft speed.

With the synchronous motor (Figure 3), the conditions are
much more involved. In the operating range, at about 3650 cpm
and at about 4400 cpm {marked * with a K in Figure 3), double
the stator feed frequency corresponds to the second and third
natural frequencies, respectively. This means resonance. For
safety’s sake, a short circuit at about 1600 cpm should also be
checked for this drive. At this speed, the first natural frequency is
in resonance with the simple stator feed frequency.

CALCULATION MODEL FOR THE SHAFT LINE

Reliable calculation results are possible only when exact data
regarding the exciting torques are used and also when the model
of the shaft line correctly reflects the mechanical characteristics of

~ the design. As a result of many years experience in this field, the

“Method of Two Limit-Cases” has been developed. The princi-
ples of this method are outlined in Table 3, and Figure 4 shows all
possible situations in regard to the calculation results. It can be
seen that the scatter bands for torques in the individual shaft parts
can have very different values. When using the conventional
calculation method, which makes only one estimate of the
model, a much larger allowance must be added (e.g. +5AT;)in
order to achieve the same security in the calculation results,
because the allowance must cover the worst case represented in
the Two Limit-Case Method. Large safety margins should be
avoided, because they can lead to unneccessary design modifi-
cations. The results presented show that the extra calculation
labor for the Method of Two Limit-Cases is well justified.
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Table 3. Calculation of Torsional Oscillation for the Shaft Line
Using the Method of Two Limit-Cases,

ASSUMPTIONS FOR EACH ELEMENT
OF THE SHAFT LINE USED IN THE METHOD
OF TWO LIMIT-CASES

{Element: Part of shaft with constant torsionai stiffness
FE-program input: length <equivalent diameter)

SPRING CONSTANT MASS MOMENT OF INEHTIAJ

1 AS FLEXIBLE AS POSSIBLE | LARGEST POSSIBLE VALUE J

2 AS STIFF AS POSSIBLE SMALLEST POSSIBLE VALUE

DAMPING: conservative values
EXCITING: significant upper limit values J

ADVANTAGES

- Assumptions for stiffness simple and clearly interpretable

~ The available spread of the mass moment of inertia is covered
~ Actual natural frequencies will be straddled

- Torques in the shaft parts are defined limit values (Fig. 4)

- For cumulative damage calculations, the higher of the calculated shaft
torques has a very high confidence limit.

DISADVANTAGES

- Two parallel calculations must be made for each load case

Exception: In cases of resonance, calculation with only the flexible case
assumption is sufficient. J

In the determination of the mass moments of inertia, there are
also objective uncertainties which cannot be ignored. With case
pump impellers whose flow passages are not machined, scatter
ranges of about five percent may result from casting tolerances. In
addition, there are as yet no reliable data regarding the amount of
the water mass participating in the oscillation [16, 17]. The rough
rule used—calculate either with all the water in the impeller or
with no water in it—fits very well into the Two Limit-Case
concept. The rotors of electrical machines having a laminated
core also have deviations due to fabricating tolerances (= 2
percent). Other types of machines are outside the scope of this
paper.

Compared with fluid flow machines, determining the torsional
stiffness of rotors for electrical machines is not exactly straightfor-
ward, since the latter cross-sections are usually not purely
annular, and are often not in one piece. (The torsional resistance
and the polar moment of inertia are numerically equal only with
annular cross-sections). Appendix A shows how the torsional
stiffness is determined for two common rotor geometries.

CALCULATION MODEL FOR DAMPING

With variable-speed electric drives, a number of calculations
must be made to cover passing through the resonance points or
steady operation at a resonance point. This requires an input of
data regarding the damping, particularly damping in the me-
chanical system. By virtue of its simplicity of mathematical
treatment, practically only the velocity-proportional damping is
used in engineering calculations. The mathematical treatment of
damping in the equations of motion is given in Appendix B.

CASE 1
T \ T 4 T
Tmax Tmax] T
Tmin (Tmin) \ ax
;/] Tmin
- Tmin| .
fel fst f fel fst _f fol fst  f
ra o raes ram ——
fer fer fer Ter Tor  fer fer fer fer
CASE 2
Tmax Tmax
Tmin Tmin
- 1~ -
for  fa f fo f T
fer fer fer fer fer fer
T

(Tmax)
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fel. sttt
fer fer ter

Case 1: Exciting frequency far enough from natural frequency
A T1 = Tmax—Tmin

Case 2: Exciting frequency near a natural frequency
A Tg = Tmax_Tmin == (2 to 3) AN T1

Case 3: Exciting frequency straddled by a natural-frequency
scatter-band
ATz=Tmax—Tmin = (4107) AT,

fer : exciting frequency
fe to fr: natural frequency scatter-band
T : torques on the shaft

Figure 4. Discussion of Possible Results of Torsional Oscillation
Calculations Made Using the Method of Two Limit-Cases.

Basically, we can distinguish between the various kinds of
damping, as follows:
+ internal damping where we distinguish between
» material damping
+ in steel parts of the shaft line
» in the elastometric elements of flexible couplings
+ structural damping
- at mating surfaces of rotor parts
* external damping
+ damping through the surrounding medium e.g., water, air,
electromagnetic field in the air gap
For torsional oscillation calculations, the internal damping
(material and structural damping can be assumed as:

Qx=100 (£=0.5%) 4)
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The value to be used for the external damping is a subject of
dispute. For pump impellers, there are as yet no proven methods
for calculating the torsional damping accurately. A rough approx-
imation, which is often used, is given in Appendix C.

Where elastic couplings are installed, they provide a large part
of the damping. Depending on the design and the quality of the
elastic material used, values of

Qg =from 20 down to 5 ({=2.5 to 10%) (5)

can be obtained. It must be realized that the use of these
couplings at higher speeds (n > 3000 cpm) and power ratings is
limited. The use of an element having a high damping capacity is
the simplest way to keep the resonance oscillations at a low
value.

EXAMPLE: BOILER FEED PUMP DRIVEN BY
STATIC CONVERTER-FED SYNCHRONOUS MOTOR

The principal results of a torsional vibration calculation for an
actual installation are set out below. The iterative solution
method is shown schematically in Table 4.

Physical System/Model

The plant configuration and the FE model employed for the
entire shaft line are shown in Figure 5. The rotor model has a total
of 92 torsional degrees of freedom.

All computer calculations were performed with the MADYN
machine dynamics program [18, 19].

Table 4. Solution Method Scheme.

Physical System

’ Excitation
(pumps, electric motor,

~ normal operation

gear, couplings) - run-up
— preliminary machine - electrical disturbances
design - etc.
v
Performance
Specification

- definition of the problem
- standard specifications

PR |
w

Modelling

mathematical model of the
shafttrain and the excitation)
I torques for F'E'program
System
Modifications I

- couplings |Ca ulatlons
-n

- shaft diameter
_ mass moment atural frequencies

using MADYN rotor-
dynamic program

- mode shapes

of inertia
f - short circuit (transient)
:gzgtenals l - normal operation I
. || (stationary)
11~ run-up (transient) I g::;:laat:ts
J-ete I - altimates strength
i v i ~yield point
- modulus of
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+| — tables to
L I I
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Interpretation of the results
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STRUCTUREPLOT OF THE COMPLETE TORSIONAL SYSTEM

Figure 5. Feed Pump Set; Shaft System and Mathematical Model
of the Complete Shaft Train.

Calculations

First the relevant torsional natural frequencies and the associ-
ated mode shapes were calculated. The mode shapes are plotted
in Figure 6. The normalized angle of rotation of the nodes is
represented as a translatory deflection.

After this, the maximum torques and stresses in the critical
cross-section A to G (Figure 5) were calculated for the possibly
critical torsional short-circuit speeds. The transient responses of
the torsional stresses in a few short circuit cases are plotted in
Figure 7. A more accurate investigation revealed that at a speed
n = 4434 cpm (= 0.5 X F3) the worst possible short circuit case
would occur. In all calculations of the forces vibrations, a modal
damping of £ = 1 percent for the 16 lowest mode shapes was
generally assumed (Quality factor @ = 2§ = 50).

All relevant continuous operating conditions were likewise
checked, by abruptly introducing the corresponding excitation
torque M(t) resulting for the particular operating point, and
following the transient response over the time range. This
procedure vields information on the decay of disturbances and
the steady-state condition which is reached corresponds to the
desired steady-state solution.

The torsional vibrations in continous (steady-state) operation
at maximum speed {n = 5861 cpm) is shown by way of example
in Figure 8. The maximum dynamic torques, however, will occur
at a lower shaft speed (= 3530 rpm), when M12 excites the 13th
mode F13 (see Figure 3).

Here, maximum dynamic torques will take place at section B
{see Figure 5). However, this dynamic torque does not exceed
0.25 percent of the static torque.

One can conclude that the steady-state dynamic torques in the
normal operating range are “filtered out” by the heavy mass
moment of inertia of the motor rotor.
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Figure 6. Torsional Mode Shapes.

Another very important dynamic load case is the run-up of the
unit in the pulse operation range (here 0 to 600 cpm). Realistic
simulation of the transient excitation requires a relatively complex
computer program. The MADYN program is capable of taking
into account the change in frequency and amplitude of the
excitation torque with time (Equation (1)). When passing
through torsional critical speeds, the harmonic components of
the exciting torque (see Figure 3, M6. . . M24) set up consider-
able torsional stresses in the endangered cross-sections; the
admissibility of these must be verified without fail. It must also be
ascertained whether any transmission elements having backlash,
such as gears and gear-type couplings, lift off due to torque
reversals. The resulting dynamic torsional stresses and torques
for two different shaft cross-sections are plotted in Figure 9.

Comments on the Results

+ From the torsional mode shapes (Figure 7), it is immediately
apparent that up to about 150 Hz the two substructures—main
pump and its motor and booster pump, gearing and motor—
may be regarded as virtually independent systems.

+ For the electrical fault case of a phase-to-phase short circuit
across the terminals, n = 4434 cpm was found to be the
torsionally critical speed. The double stator feed frequency (see
Equation (2)) excites the third natural frequency F3, chiefly at this
operating speed (Figure 7). Yet even this highly improbable
disturbance does not impose inadmissible stress states on the
shaft line (1,5 = 150 N/mm?).

All continuous operating states (operation range) show neglia-
ible dynamic load values in the steady-state, because in the load
commutating operation (here n > 600 cpm) practically no
significant dynamic torque amplitudes occur, or only with a
relatively high-frequency excitation with the 12th and 24th speed
order (Figure 3 and Equation (1)).

* The loads vs. time curves plotted in Figure 9 show the
behavior of the shaft line immediately after switch-on, and when
passing through the first torsional critical speed F1, which is
excited mainly by the 6th harmonic of the pulsating torque.

In addition, it can also be shown that with the estimated modal
torsional damping & = 1 percent, the gear-type coupling be-
tween the motor and the feed pump sustains no torque reversals.
On the other hand, the two couplings to the gear unit (booster
pump side) must be selected for the brief torque reversals
imposed. Because for gear couplings this would mean “hammer-
ing” on the coupling teeth, diaphragm couplings have been
selected.

SELECTION OF COUPLINGS

In addition to the torsion analysis results, further criteria have
to be taken into account when selecting the couplings. These
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include running behavior, axial extensions, take-up of axial
forces and line-up of the shaft train.

The selection criteria for the couplings arising from the torsion
analysis were described. Further, comprehensive investigations
are required in order to evaluate the lateral running behavior.
These do not form part of the present report. The effects of axial
extensions and axial forces on the couplings, as well as the lining
up of the shaft train, are influenced by further design and
operating factors.

The actual shaft system with the selected couplings is shown in
Figure 10. For reasons of high power and high shaft speed
present in this pump set, all-metal couplings have been foreseen.
Between the motor and the feed pump, a gear coupling has
shown to be advantageous. The coupling is lightweight and
allows for higher lateral critical speeds.
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Figure 10a. Rotor Positioning and Thermal Expansion.
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Figure 10b. Situation at Coupling Between Exciter and Gearbox:
Relative Position of Exciter Shaft End vs. Pinion.
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Additionally, the type selected with limited end float provides
for good axial guidance of the motor/exciter rotor which has in
this case no thrust bearing.

Between exciter and gearbox, as well as between gearbox and
booster pump, diaphragm type couplings have been foreseen.
The main reason for this selection is the resultant torque reversal
during start-up in the “pulse operation” range (previously men-
tioned).

However, the diaphragm coupling between exciter rotor and
gear pinion has to take all thermal expansions of feed pump rotor,
motor/exciter rotor and gear pinion as shown in Figure 10b.

Therefore, a slightly oversized coupling had to be selected at
this location to allow for the expansions in question without
endangering long term operation. The coupling will be pre-
stressed in tension in the cold condition.

A lightweight design with a titanium hub on the pinion side was
chosen in order to increase the lateral critical speed of the pinion.

CONCLUSION

With torsional oscillations, the danger of a shaft failure is much
greater than with flexural vibration. In summary, however, it can
be said that with good, close cooperation between the manufac-
turers of each of the machines used in the unit, and between
them and the plant owners, the problem of torsional oscillation of
variable-speed electric drives can be safely brought under control
with the help of the calculation methods now available. As a very
efficient aid in reducing the stresses in the shaft line, damping
elements (flexible energy-absorbing couplings, dampers) can be
installed.

Additional research effort will be needed in order to consider
the contribution of pump impellers to torsional damping. Few
experimentally confirmed data exist yet, especially for impellers
which are oscillating in torsion.

APPENDICES

Appendix A

As an introduction, the familiar case of a rigidly fitted coupling
(Figure A-1) will be shown. In the case denoted “as flexible as
possible,” it is assumed that the force flow is through the smallest
possible cross-section of the shaft elements. In the case denoted



42 PROCEEDINGS OF THE THIRD INTERNATIONAL PUMP SYMPOSIUM
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Figure A-1. Application of the Method of Two Limit-Cases to a
Torsionally Stiff Coupling Having Either Keyed or Shrink-Fit
Design.
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Figure A-2. Torsional Stiffness of a Synchronous Motor Rotor
Body Cross-Section.

“as still as possible,” the outer contours of the shaft sections are
considered. This will lead to an understanding of the more
complicated cases with electrical machines.

In Figure A-2, it is shown how the torsional stiffness of a cross-
section of the cynlindrical rotor of a two-pole synchronous-motor
can be determined. There are three components: one from the
cross-section of the rotor body, one from the wedges which are
pressed against the wedge slots by the centrifugal force (the force
is transmitted partly by friction), and one from the windings. For
the Two Limit Models (one “as flexible as possible”—rotor body
cross-section only and the other “as stiff as possible’—includes
wedge and winding contribution), the relevant equations are
shown in Figure A-2. Figure A-3 shows the coefficients i for
calculating the equivalent diameter of the rotor body cross-
section. The difference between the torsional resistance and the
polar moment of inertia for the rotor body cross-section is shown
in Figure A-4.

Figure A-5 shows how the torsional stiffness of a ribbed shaft is
determined (the rotor core is attached to the outer edge of the
ribs).
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d: diameter of the circle described by the slot bottom

Dyr: equivalent diameter for torsion

Figure A-3. Equivalent Diameter for the Torsional Stiffness of a
Two-Pole Synchronous Motor Rotor Body Cross-Section Cal-
culated with BEM Program in Accordance with the Saint-
Venant’s Theorv.
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Appendix B

The n coupled differential equations of motion for a system
with n degrees of freedom are, in matrix notation as follows:

MX +DX +KX=F (B-1)

where

M =mass matrix (diagonal)

D =damping matrix

K =stiffness matrix (symmetrical, tri-diagonal)
F =load matrix

X =coordinate of motion

For various calculation operations it is convenient when the
damping matrix is also symmetrical and consists of a linear
combination of the mass and the stiffness matrix, as Rayleigh
recommended:

X
D=2 M+ 1 _K
QM QK(J.) (B'Z)
where [20]
Qr, =quality factor for absolute damping, i.e., external
damping
Qi =quality factor for relative damping, i.e., material
damping

w® =resonance angular velocity

With these resonance calculations, a different quality factor can
be considered for each resonance point. It is also possible to
make calculations without either Qu or Q. If the program uses a
numerical method for solving the differential equations, e.g., the
Runge-Kutta method, one can also consider a different Qy
and/or Q for each individual section of the shaft. This method
also permits the consideration of shaft elements having non-
linear stiffness.

If the program uses the modal analysis procedure, then the
equations of motion are decoupled by multiplication with the
modal matrix o, which can be obtained from the hommogeneous
equation system without damping (weak damping: — MX + KX
= 0).

&MY + ¢ DY + b KdY = ¢'F (B-3)

The decoupled equations can be expressed in normal coordinate
form as:

G+ (200)0 + oy =) i=1,2,...n (B-4)
The modal damping, which is

_1*_ =2y= % + Bio;

Q (B-5)

can be expressed differently for each eigenvalue w;.
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Appendix C

Figure C-1 shows the torque/speed curve of M{w), from which
the torsional damping can be estimated as follows:

Mlo)=M,, = .
(e Nyo Woo” (C-1)

where

M(w) =torque at actual speed

M,, =torque at rated speed

ne, =rated shaft speed

w,, =rated angular velocity of the shaft
n =actual shaft speed

® =actual angular velocity of the shaft

The damping constant is calculated as:
d(1) - Woo ' Woo (C-2)

It is apparent that the absolute damping is dependent on the
actual running speed.

/
M (o) A Z
100 °% ——
/ —dM
dw
0-1 T > N
0 50 100 %

Figure C-1. Torque-Speed Diagram.

The damping values obtained in this way are only approxima-
tions, because they are taken from a static characteristic. Effec-
tively, however, the damping mechanism is a dynamic process.

Tests will have to be carried out to obtain experimental values
for these damping constants.
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