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D SDUWLFXODWH� PDWHULDO� YHUVXV� WKH� VL]H� PRGXOXV� DQG� LW� LV� WKH� VORSH� RI� WKH� FRUUHVSRQGLQJ� OLQH�� 7KHUH� DUH�
GLIIHUHQW�NLQGV�RI�WHVWV�XVHG�WKDW�UHODWH�WKH�HQHUJ\�WR�WKH�SDUWLFOH�VL]H��VXFK�DV��x )ULFWLRQOHVV�FUXVKHU� �+XNNL���������'URS�ZHLJKW�RU�3URMHFWLOH� ,PSDFW�WHVWV� �&KDUOHV���������&RPSUHVVLYH�

ORDGLQJ��7DYDUHV�.LQJ��������H�W�F��x 5RG�PLOO�EDOO�PLOO�WHVWV�DVVXPH�WKH�HQHUJ\�XVHG�IRU�EUHDNLQJ�WKH�SDUWLFOHV�LV�D�FRQVWDQW�SURSRUWLRQ�RI�WKDW�
FRQVXPHG�E\�WKH�PLOO��,Q�WKHVH�WHVWV�RQH�FDQ�HLWKHU�UHODWH�WKH�VL]H�PRGXOXV�WR�WKH�HQHUJ\�XVHG��&KDUOHV�
������� �7VLERXNLV�� ������ RU� UHODWH� WKH� SURGXFWLRQ� UDWH� RI� HDFK� SDUWLFOH� VL]H� WR� WKH� HQHUJ\� VLQFH� WKH�
VSHFLILF�HQHUJ\�LV�LQYHUVHO\�SURSRUWLRQDO�WR�WKH�SURGXFWLRQ�UDWH��%RQG��������3DWURQLV���������
7KH� TXDQWLW\� ��Q��� � LQ� HTXDWLRQV� ����� DQG� ����� LV� SRVLWLYH�� EHFDXVH� FRPPLQXWLRQ� LV� DQ� HQHUJ\�

FRQVXPLQJ� UHDFWLRQ� �HQGRWKHUPLF��� WKXV� ��Q��� � !��RU� WKH� VDPH� ! ���Q����� 7KH� H[SHULPHQWDO� YDOXH� RI��
��Q��� � LV� FDOFXODWHG� LQGLUHFWO\� DV� WKH� GLIIHUHQFH� RI� WKH� WZR� PHDVXUHG� TXDQWLWLHV�� ��Q���� DQG� �
FRQVHTXHQWO\�WKH�H[SHULPHQWDO�HUURU�LV�DFFXPXODWHG�LQ�WKH�FDOFXODWLRQ�RI���Q��� ���7KH�FDOFXODWHG�YDOXHV�RI�
��Q��� � IURP�7DEOH���DUH�YHU\�VPDOO�DQG�VRPH�DSSHDU�QHJDWLYH��DV�D�UHVXOW�RI�H[SHULPHQWDO�HUURU��)RU�VRPH�
PLQHUDOV�WKLV�TXDQWLW\�LV�ZHOO�DERYH�]HUR�LQGLFDWLQJ�WKDW�HTXDWLRQV������DQG������DUH�YDOLG��+RZHYHU�IRU�PRVW�
PLQHUDOV���Q��� � LV�YHU\�VPDOO�DQG�SUDFWLFDOO\�FDQ�EH�WDNHQ�DV�]HUR�LQGLFDWLQJ�WKDW�HTXDWLRQV������DQG������
VKRXOG�EH�XVHG��
�

���&21&/86,216�
�

(TXDWLRQV� ���D�� DQG� ������ JLYHQ� DERYH�� DUH� RI� WKH� VDPH� IRUP�� 7KH� ILUVW� RQH� JLYHV� WKH� VSHFLILF� HQHUJ\�
�HQHUJ\�SHU�XQLW�PDVV�� UHTXLUHG� WR�H[SRVH� WKH� VXUIDFH�RI� D�SDUWLFOH�RI� VL]H�[��ZKLOH� WKH� VHFRQG�JLYHV� WKH�
VSHFLILF�HQHUJ\�RI�D�SDUWLFXODWH�PDWHULDO�RI�VL]H�PRGXOXV�\��,I�IRU�H[DPSOH�[� �\��LW�LV�REYLRXV�WKDW�WKH�HQHUJ\�
SHU�XQLW�PDVV�UHTXLUHG�WR�SURGXFH�HTXLGLPHQVLRQDO�SDUWLFOHV�LV�PXFK�OHVV�WKDQ�WKH�FRUUHVSRQGLQJ�HQHUJ\�IRU�
D PDWHULDO�RI�WKH�VDPH�VL]H�PRGXOXV�ZKLFK�FRQVLVWV�RI�JUDLQV�GLVWULEXWHG�LQ�VL]H���

(TXDWLRQV����D��DQG�������FDQ�DOVR�EH�XVHG�WR�GHULYH�5LWWLQJHU��%RQG�DQG�.LFN�ODZV�IRU�YDOXHV�RI�Q�HTXDO�
WR���������DQG�����UHVSHFWLYHO\�� ,W� LV�UHPLQGHG�KHUH�WKDW�DFFRUGLQJ�WR�.LFN�WKH�HQHUJ\�UHTXLUHG�WR�EUHDN�D�
SDUWLFOH�LV�SURSRUWLRQDO�WR�LWV�PDVV�DQG�FRQVHTXHQWO\�WKH�VSHFLILF�HQHUJ\�LV�FRQVWDQW�DQG�GRHV�QRW�GHSHQG�RQ�
WKH�VL]H��

(TXDWLRQ�������GHULYHG�IURP�WKH�SUHVHQW�PRGHO��LV�WKH�VDPH�DV�HTXDWLRQ�����JLYHQ�E\�&KDUOHV�DQG�FDQ�EH�
XVHG�LQ�WKH�VDPH�ZD\��$V�PHQWLRQHG�DW�WKH�EHJLQQLQJ��WKH�GLIIHUHQFH�LV�WKDW�LQ�WKH�SUHVHQW�PRGHO�HTXDWLRQ�
�����ZDV�XVHG�LQVWHDG�RI������,Q�WKLV�PRGHO�LW�LV�DVVXPHG�WKDW�ZKHQ�D�SDUWLFOH�GLPLQLVKHV�LQ�VL]H�LW�EUHDNV�WR�
PRUH�WKDQ�RQH�SLHFH��2Q�WKH�FRQWUDU\�LQ�WKH�PRGHO�SUHVHQWHG�E\�:DONHU�DQG�6KDZ�DQG�DGRSWHG�E\�&KDUOHV��
ZKHQ�D�SDUWLFOH�GLPLQLVKHV�LQ�VL]H�WKH�VL]H�UHGXFWLRQ�LV�FRQWLQXRXV�ZLWKRXW�EUHDNLQJ�LQWR�SLHFHV��
7KH�TXDQWLW\� ��Q��� ���RI� WKH�SUHVHQW�PRGHO��XVHG� LQ�HTXDWLRQV� �����DQG� ����� LV� WKH�VDPH�DV� WKH�TXDQWLW\���
���P� ���SURSRVHG�E\�&KDUOHV�� LQ�HTXDWLRQ� �����$V� LQGLFDWHG�E\�WKH�H[SHULPHQWDO�GDWD�RI�7DEOH����PDQ\�RI�
ZKLFK�DUH�JLYHQ�E\�&KDUOHV��IRU�PRVW�PLQHUDOV���Q��� �  ����P� � | � DQG�RQO\�IRU�D�IHZ�RQHV���Q��� �  �
���P� � !����$V�&KDUOHV�KDV�PHQWLRQHG��WKH�PLQHUDOV�IRU�ZKLFK����P� � LV�ZHOO�DERYH�]HUR�DUH�WKH�RQHV�WKDW�
H[KLELW�FOHDYDJH�LQ�WKHLU�VWUXFWXUH��VXFK�DV�JDOHQD�DQG�VDOW��&KDUOHV���������ZKLOH�IRU�WKH�UHVW�RI�WKH�PLQHUDOV�
WHVWHG�� ���P� � LV� DOPRVW� ]HUR�� &RQVHTXHQWO\�� WKH� LQWHJUDWLRQ� RI� HTXDWLRQ� ���� LV� QRW� YDOLG� DQG� RQH� VKRXOG�
KDYH�XVHG� WKH� ORJDULWKPLF� IRUPXOD�RI� LQWHJUDWLRQ�� ,Q� WKH�SUHVHQW�ZRUN� WKH�DSSURSULDWH� LQWHJUDWLRQ� LV�XVHG�
DQG�HTXDWLRQV������DQG������DUH�SURGXFHG�ZKLFK�DSSO\�IRU���Q��� �  ����P� � | ���$V�PHQWLRQHG�EHIRUH��
WKLV�LV�WKH�FDVH�IRU�PRVW�PLQHUDOV�ZLWK�QR�FOHDYDJH��

0RVW�RI�WKH�H[SHULPHQWDO�GDWD�ILW�D�FXUYH�RI�WKH�IRUP�������H\  �\�Q��� ZKLFK�JLYHV�D�VWUDLJKW� OLQH�LQ�D�
ORJ�ORJ�SORW��RI�H\ YHUVXV�\��ORJ��H\�  �ORJ� � ����Q����ORJ�\���DQG�LV�XVHG�WR�FDOFXODWH���Q�����

7KH�SDUDGR[�LV�WKDW��DOWKRXJK�HTXDWLRQ������LV�XVHG�WR�GHVFULEH�WKH�GDWD��WKH�TXDQWLW\���Q��� � PHDVXUHG�
LQGLFDWHV�WKDW������LV�QRW�YDOLG�IRU�PRVW�GDWD�EHFDXVH���Q��� �|� DQG�HTXDWLRQ������VKRXOG�KDYH�EHHQ�XVHG�
LQVWHDG��
�



���
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�

$Q� DQDO\VLV� RI� WKH�PDWKHPDWLFDO� IRUPV�RI� ����� DQG� ����� LV� KHOSIXO� DW� WKLV� SRLQW�� )RU� ��Q��� �  ���� DQ\�
HTXDWLRQ� RI� WKH� IRUP� �\��  � \��Q���� FDQ� EH� ZULWWHQ� DV� �\��  � ��\ � 1RZ� DVVXPH� DQ� HTXDWLRQ� RI� WKH� IRUP���������
�\�� � OQ�\ ��\ DQG�FDOFXODWH�WKH�GLIIHUHQFH� �\���� �\��VKRZQ�LV�)LJXUH����SORWWHG�IRU�  �������DQG���� ,W� LV�

REYLRXV� IURP� )LJXUH� �� WKDW� SUDFWLFDOO\�� IRU� YDOXHV� RI� \� VHYHUDO� WLPHV� WKH� XQLW� RI� PHDVXUHPHQW�� ERWK������������
�\�� �OQ�\ ��\ DQG� �\�� ���\ JLYH�WKH�VDPH�YDOXH�VLQFH�WKHLU�GLIIHUHQFH�WHQGV�WR�]HUR��,Q�D�ORJ�ORJ�GLDJUDP�

HTXDWLRQ� �\��  � ��\ JLYHV� D� VWUDLJKW� OLQH� RI� VORSH� � � DV� VKRZQ� LQ� )LJXUH� ��� SORWWHG� IRU�  ��� (TXDWLRQ����������
�\�� �OQ��\ ��\ LV�DOVR�SORWWHG�LQ�)LJXUH����IRU�  ���,W�LV�REYLRXV�WKDW� �\��LV�DOZD\V�D�SRVLWLYH�VWUDLJKW�OLQH��EXW�
�\��WHQGV�WR�]HUR�IRU�YDOXHV�RI�\�DSSURDFKLQJ�XQLW��ZKLOH�IRU�\���� �\��EHFRPHV�QHJDWLYH��1HYHUWKHOHVV��IRU�

YDOXHV�RI�\�VHYHUDO�WLPHV�ODUJHU�WKDQ�WKH�XQLW�RI�PHDVXUHPHQW�� �\�� LV�SUDFWLFDOO\�D�VWUDLJKW�OLQH�ZLWK�VORSH�
YHU\�FORVH�WR�r � ,Q�WKLV�DUHD��ERWK�OLQHV�DUH�SUDFWLFDOO\�SDUDOOHO�DQG�H[SHULPHQWDO�GDWD�FDQ�EH�H[SUHVVHG�E\�
ERWK� HTXDWLRQV�ZLWK� WKH�SURSHU� VHOHFWLRQ� RI� DQG� WKH� VL]H� XQLW�� 3UDFWLFDOO\� HTXDWLRQ� ����� FDQ�EH�XVHG� WR�
GHWHUPLQH� WKH� VORSH� ��Q����� DOVR� IRU� WKH� FDVHV�ZKHUH� ��Q��� � ��� 6LPLODU� FRQFOXVLRQV� DUH� DOVR� GUDZQ�� E\�
DFFHSWLQJ�WKH�PRGHO�RI�:DONHU�DQG�6KDZ�IRU�VL]H�UHGXFWLRQ��6WDPEROLDGLV���������
�

)LJXUH����3ORW�RI�M�\����V�\��
�

)LJXUH����3ORW�RI� �\��DQG� �\��
�

$Q�RWKHU�LPSRUWDQW�SRLQW�LV�WKDW�IRU�PRVW�PLQHUDOV�  ���Q����VLQFH���Q��� �  ����)RU�DQ\�SDUWLFOH�UDQJH�
IRU�ZKLFK��Q��LV�FRQVWDQW��WKH�VORSH�� � LV�DOVR�FRQVWDQW�DQG�WKH�VL]H�GLVWULEXWLRQ�RI�WKH�PDWHULDO�FDQ�EH�GHILQHG�
E\� DQ\� SRLQW� LQ� WKH� ORJ�:[ � r� ORJ�[�� GLDJUDP�� 7R� EH�PRUH� VSHFLILF�� IRU� D�PDWHULDO� WKDW� REH\V� %RQGnV� ODZ�
Q �����DQG�  �����FRQVHTXHQWO\�WKH�VL]H�GLVWULEXWLRQ�RI�WKLV�PDWHULDO�FDQ�EH�GHILQHG�E\�DQ\�SRLQW� LQ�WKH�
GLDJUDP�ORJ�:D[�� r�ORJ�[��EHFDXVH�WKH�VORSH�LV�GHILQHG��,W�LV�FOHDU�WKDW�%RQGnV�SURSRVDO�WR�GHILQH�WKH�VL]H�RI�D�
SDUWLFXODWH� PDWHULDO� E\� WKH� ���� SDVVLQJ� VL]H� LV� FRUUHFW�� EHFDXVH� WKHUH� LV� RQO\� RQH� GLVWULEXWLRQ� OLQH� WKDW�
SDVVHV� IURP�WKH�VSHFLILF�SRLQW��DOWKRXJK� LW� VRXQGV�DUELWUDU\� WR�VRPH�RWKHU�SHRSOH� �/\QFK���������$FWXDOO\�
DQ\�VL]H�FDQ�EH�VHOHFWHG�WR�GHILQH�WKH�PDWHULDO�LQ�WKH�SDUWLFXODU�VL]H�UDQJH�VLQFH�WKH�VORSH�LV�  �����,Q�WKH�
FDVH�RI�D�PDWHULDO�WKDW�REH\V�5LWWLQJHUnV�ODZ�WKH�VORSH�LV�  ��DQG�DJDLQ�WKH�VDPH�VLWXDWLRQ�KROGV���

$V�LWV�KDV�EHHQ�H[SOLFLWO\�H[SODLQHG�E\�+XNNL�WKH�H[SRQHQW���Q����FDQ�YDU\�IURP�RQH�VL]H�UDQJH�WR�WKH�
RWKHU� GHSHQGLQJ�RQ� WKH�PHFKDQLVP�RI� EUHDNDJH��ZKLFK�GHWHUPLQHV�ZKHWKHU� WKH�PDWHULDO� EUHDNV� WKURXJK�
FU\VWDO�ERXQGDULHV�RU� WKH�FU\VWDOV� WKHPVHOYHV�DUH�EURNHQ��+XNNL��������� ,W� LV�H[SHFWHG�WKDW�ERWK��Q��DQG� �
GHSHQG�RQ�WKH�VL]H�UDQJH�RI�WKH�PDWHULDO�EXW�DUH�PRUH�RU�OHVV�FRQVWDQW�LQ�WKH�VDPH�VL]H�UDQJH��
�
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120(1&/$785(�
�
� 'LVWULEXWLRQ�PRGXOXV�RI�D�SDUWLFXODWH�PDWHULDO�
$�� &RQVWDQWV�GHILQHG�LQ�WKH�WH[W�
� 3DUWLFOH�GHQVLW\�
&LQGH[�� &RQVWDQWV�DFFRUGLQJ�WR�LQGH[�
H\ (\ � :R���6SHFLILF�HQHUJ\�RI�D�SDUWLFXODWH�PDWHULDO�RI��VL]H�PRGXOXV�\�
(\� (QHUJ\�RI�D�SDUWLFXODWH�PDWHULDO�RI�VL]H�PRGXOXV�\�
(\��\�� (QHUJ\�WR�JR�IURP�D�SDUWLFXODWH�PDWHULDO�RI�VL]H�\� WR�DQRWKHU�\�
I��6XUIDFH�FRHIILFLHQW�
N��9ROXPH�FRHIILFLHQW�
P��([SRQHQW�
0[  N� �[�� 0DVV�RI�D�SDUWLFOH�RI�VL]H�[�
Q��([SRQHQW�
T[ 4[ � 0[ � 6SHFLILF��HQHUJ\�RI�D�VLQJOH�SDUWLFOH�
4[� (QHUJ\�RI�D�VLQJOH�SDUWLFOH�
6[ I�[� � 6XUIDFH�RI�D�SDUWLFOH�
9[ N�[�� 9ROXPH�RI�D�SDUWLFOH�
:R� 7RWDO�PDVV�RI�D�SDUWLFXODWH�PDWHULDO�
:[� 0DVV�RI�D�SDUWLFXODWH�PDWHULDO�ILQHU�WKDQ�VL]H�[��
[��SDUWLFOH�VL]H��
\��6L]H�PRGXOXV�RI�D�SDUWLFXODWH�PDWHULDO��PD[��VL]H�IRU�**6�GLVWULEXWLRQ��
�

5()(5(1&(6�
�
%RQG��)�&���7KH�WKLUG�WKHRU\�RI�FRPPLQXWLRQ��7UDQV��$,0(��0LQLQJ�(QJ����������������������
&KDUOHV�� 5�-��� (QHUJ\�VL]H� UHGXFWLRQ� UHODWLRQVKLSV� LQ� FRPPLQXWLRQ�� 7UDQV�� $,0(�� 0LQLQJ� (QJ��� ������ ��������

�������
+LFRP�3W\��*HQHULF�GDWD��'LVWULEXWRUV�PDQXDO��������6\GQH\��
+XNNL��5�7���$Q�H[SHULPHQUDO�VWXG\�RI�WKH�SULQFLSOHV�RI�FRPPLQXWLRQ��6F'��7KHVLV��0�,�7���������
+XNNL��5�7���3URSRVDO�IRU�D�VRORPRQLF�VHWWOHPHQW�EHWZHHQ�WKH�WKHRULHV�RI�YRQ�5LWWLQJHU��.LFN�DQG�%RQG��7UDQV��

$,0(����������������������
.DPERVVRV�� '�� DQG� 6WDPEROLDGLV�� (��� *ULQGDELOLW\� RI� RO\PSLDV� RUH�� ,QWHUQDO� UHSRUW� 79;�+(//$6� 6�$��� ������

*UHHFH��
.LFN��)���'DV�JHVHW]�GHU�SURSRUWLRQDOHQ�ZLGHUVWDQGH�XQG�VHLQH�DQZHQGXQJ��$UWKXU�)HOL[��/HLS]LJ���������
/\QFK�� $�-��� 0LQHUDO� FUXVKLQJ� DQG� JULQGLQJ� FLUFXLWV�� 'HYHORSPHQWV� LQ� 0LQHUDO� 3URFHVVLQJ��

'�:�)XHUVWHQDX�DGYLVRU\�HGLWRU��(OVHYLHU�������������������
3DWURQLV��0�� DQG� 6WDPEROW]LV�� *��� 6SHFLILF� HQHUJ\�SDUWLFOH� VL]H� UHODWLRQVKLS� LQ� GU\� EDWFK� EDOO�PLOO� RI� EULWWOH�

PDWHULDOV��0LQLQJ�DQG�0HWDOOXUJLFDO�$QQDOV���������������������
5LWWLQJHU��3�5���/HKUEXFK�GHU�DXIEHUHLWXQJVNXQGH��������%HUOLQ��
6WDPEROLDGLV�� (�7K��� $� FRQWULEXWLRQ� WR� WKH� UHODWLRQVKLS� RI� HQHUJ\� DQG� SDUWLFOH� VL]H� LQ� WKH� FRPPLQXWLRQ� RI�

EULWWOH�SDUWLFXODWH�PDWHULDOV��0LQHUDOV�(QJLQHHULQJ���������������������
7DYDUHV��/�0��DQG�.LQJ��5�3���6LQJOH�SDUWLFOH�IUDFWXUH�XQGHU�LPSDFW�ORDGLQJ��,QW��-��0LQHUDO�3URFHVVLQJ��������

����������
7VLERXNLV��6�-���6WXG\�RQ�WKH�FUXVKLQJ�DQG�JULQGLQJ�RI�EULWWOH�PDWHULDOV��'LSORPD�WKHVLV��7HFKQLFDO�8QLYHUVLW\�RI�

&UHWH��0LQHUDO�5HVRXUFHV�(QJLQHHULQJ�'HSDUWPHQW������������SS���&KDQLD��*UHHFH��
:DONHU��'�5��DQG�6KDZ��0�&���$�SK\VLFDO�H[SODQDWLRQ�RI�WKH�HPSLULFDO�ODZV�RI�FRPPLQXWLRQ��$�,�0�(��7UDQV���

��������������
�


